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We consider a particular effect which can be expected in scenarios of deviations from Special
Relativity induced by Planckian physics: the loss of additivity in the total energy of a system of
particles. We argue about the necessity to introduce a length scale to control the effects of non-
additivity for macroscopic objects and consider white dwarfs as an appropriate laboratory to test this
kind of new physics. We study the sensitivity of the mass-radius relation of the Chandrasekhar model
to these corrections by comparing the output of a simple phenomenological model to observational
data of white dwarfs.
I. INTRODUCTION
The relativistic energy-momentum dispersion relation of particles, E2 − ~p2 = m2, is involved in every particle
physics measurement, and, as so, it has been tested in countless occasions. This has been done with large precision
however only in the relatively “low-energy” regime we are familiar with (energies at or below the Fermi scale, of
O ∼ 100GeV). In recent times, astrophysics has also offered the opportunity to test this relation at much higher
energies [1]. In fact, the loss of Lorentz invariance is a rather generic feature of quantum gravity developments [2],
so that modifications to this dispersion relation are expected at energies close to the Planck mass MP. However, the
presence of amplifying mechanisms, such as threshold effects [3] or galactic distances of propagation [4], as well as
high-precision experiments [5] makes possible to consider a quantum gravity phenomenology at energies much lower
than MP [6].
In order to test this relation, it is quite common to assume corrections of order 1/Λ as the dominant effect if the
energies involved are much smaller than the ultraviolet scale Λ which controls the new physics beyond special relativity
(SR). In a quantum gravity context, one would take Λ = MP, but the idea of a modified dispersion relation (MDR)
is more general than that. A typical parametrization in which rotational invariance is maintained and the corrections
can be expanded in powers of the momenta and the inverse of Λ is
E2 − ~p2 + α1
Λ
E3 +
α2
Λ
E~p2 = m2 , (1)
where α1 and α2 are two coefficients of order 1 (that is, Λ signals the energy scale at which the corrections are of
order 1).
Of course, energy is not an observer-invariant quantity, so that when one is comparing the typical “energy” scale of
an experiment with the scale Λ, one is either assuming a particular (laboratory) frame, or considering an invariant
quantity (such as the invariant mass or the energy in the center of mass system in special relativity). In the case of
a violation of Lorentz invariance, the only possibility is to consider a particular, privileged, system of reference [7].
However, it is also possible to go beyond SR by considering a deformation of Lorentz invariance. This is the case
of doubly special relativity (DSR) models [8]. The phenomenology of Lorentz invariance violation (LIV) and DSR
models are in general quite different, since the existence of a relativistic principle in the latter forces to add to a
MDR also a modification in the composition laws (the sum of the energies and momenta) of a multiparticle system.
A general parametrization of modified composition laws (MCL) at order 1/Λ is
E1 ⊕ E2 = E1 + E2 + β1
Λ
E1E2 +
β2
Λ
~p1 · ~p2 (2)
~p1 ⊕ ~p2 = ~p1 + ~p2 + γ1
Λ
E1~p2 +
γ2
Λ
~p1E2 +
γ3
Λ
~p1 × ~p2 . (3)
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2again with coefficients (βi, γi) of order 1.
The idea of MCL can also be considered in more general contexts than those of DSR models. It can be shown [9] that
MCL, that is, nonlinear corrections to additive energy-momentum composition laws, cause the locality property of
interactions between particles to be lost for a general observer. This in fact agrees with the notion of “relative locality”
that has recently been proposed in terms of a geometric interpretation of the departures from SR kinematics [10]. In
particular, both a MDR and MCL may be present as signals of a LIV. What the existence of a relativity principle
makes is to establish specific relations between the coefficients appearing in the MDR and the MCL. In fact, as it is
shown in Ref. [11] the β and γ coefficients of the MCL determine the α coefficients in the MDR in a relativistic theory
beyond SR:
α1 = −β1 α2 = γ1 + γ2 − β2 . (4)
Since the idea of MCL is very general, compulsory in DSR scenarios and possible in LIV scenarios, we want to
address in this paper the physical implications of an energy non-additivity. Naively one would think that the best
place to look for signals of an energy non-additivity would be systems of a large number of particles; however, for a
sufficiently large system, the nonlinear terms cease to be small corrections contradicting, for example, the well-known
physics of macroscopic objects. This difficulty is related with the general question of how the correction to SR in the
microscopic domain affects macroscopic physics, which in the DSR context, where MCL are a necessary ingredient
of the models, it is known as the “soccer-ball problem”. This problem by itself deserves a general discussion of the
different alternatives to solve it and a comparison of the required assumptions and their plausibility [12]. We will
just note here that if gravity or the structure of space-time is in the origin of this non-additivity, then it is natural
to think that the key for these corrections to be large should be not a large number of particles, but a large number
of particles which are close enough. That is, the relevant variable controlling the size of the non-additivity should be
the density of the system. Incorporating this idea would immediately provide a possible solution to the soccer-ball
problem, since the effects would be important not just for macroscopic objects, but for objects of high enough density.
In Sec. II of the paper we will make the previous idea explicit, by introducing the notion of a “coherence length” for
the non-additivity corrections. Then we will explore the possible systems where these corrections could be tested, and
conclude that white dwarfs are a natural candidate. In fact modifications in white dwarf physics owing to departures
of Lorentz invariance have been considered previously [13–15]. We will review in Sec. III the main conclusions of these
works and will remark their differences with the ideas here explored. In Sec. IV we will present a phenomenological
model including non-additivity corrections for the energy of a white dwarf and will calculate how the mass-radius
relation that can be extracted from the Chandrasekhar model gets modified. A comparison with experimental data
to obtain bounds on the parameters of the model (essentially, the coherence length) will be done in Sec. V, showing
the sensitivity of white dwarfs to this new physics. Finally, we will present our conclusions in Sec. VI.
II. ENERGY NON-ADDITIVITY: COHERENCE LENGTH
Our aim is to explore possible observational consequences of new physics parameterized at a kinematical level by
a modification (non-additivity) of the energy composition law. As explained in the Introduction, this non-additivity
emerges naturally in specific scenarios related to quantum gravity effects, but we will just consider it as a phenomeno-
logical model for the new physics, without entering into the physical mechanisms at work. A departure from locality [9]
or a hidden effective interaction as a remnant of a quantum structure of space-time are examples of possible ideas
related to the origin of an energy non-additivity.
Let us assume that the total energy of a two particle system is given by Eq. (2), which contains nonlinear corrections
to the simple addition of energies of order 1/Λ. Λ is a high (ultraviolet) energy scale which may be as large as the
Planck energy scale if the new physics we are considering is a remnant of quantum gravity. Since we will never
have direct access to particles with energies of the order of the Planck energy scale, in order to have observable
consequences of the non-additivity we have to rely on the amplification of the kinematic modification that happens
in a many particle system, for which Eq. (2) is generalized to (see Ref. [11]):∑
⊕
Ei ≡
∑
i
Ei +
∑
i<j
(
β1
Λ
EiEj +
β2
Λ
~pi · ~pj
)
. (5)
Let us think, for the sake of simplicity, of an object made of N particles with the same energy E. Then the total
3energy ET will be deformed to1
ET = NE +
β1
Λ
(
N2 −N
2
)
E2 = EΣ +
β1
Λ
N − 1
2N
E2Σ , (6)
where the sum of the contributions EΣ =
∑
iEi = NE could be, in principle, much larger than the characteristic
energy scale of the deformation Λ. Of course this rough description of macroscopic manifestation of the deformed com-
position law for momenta (soccer-ball problem) is in contradiction with many observations, and should consequently
be ruled out. In this paper we will consider a simple way of including a restriction on the non-additivity effects: we
recognize this phenomenon to be a coherence process so that it should be confined within a certain coherence length.
It is clear that two particles that are not correlated in any way, and far apart from each other, are really independent
systems so that the total energy will be just the sum of their energies, with no nonlinear corrections. Therefore one can
expect that the modification of the energy composition law will be limited to particles separated by a distance smaller
than the coherence length `c. We do not know the physical origin of this restriction on the non-additive corrections
and how this length scale `c emerges. An interesting possibility is that the non trivial composition law for energies
were a consequence of the superposition of different wave functions in a given quantum system; the coherence length
would then define the range of this superposition. In any case, it seems clear that this length must be a microscopic
scale, because it should provide a solution to the soccer-ball problem, but it may well depend on the properties of
the system under consideration, such as the type of particles, whether or not they are entangled, or on their quantum
mechanical properties, such as their de Broglie or Compton wavelengths. The origin of this coherence length is a very
interesting problem that deserves future attention; however, in the present work we will just consider the consequences
of this idea and, to do so, in the following we will explore the kind of systems which may be more sensitive to this
new physics.
The total energy ET of a discrete system of particles will be calculated from Eq. (5), which can be rewritten as
ET =
∑
i
Ei
1 + 12 β1Λ ∑
i,j
d(i,j)<`c
Ej
+ β22Λ ∑
i,j
d(i,j)<`c
~pi · ~pj . (7)
Looking at the parenthesis, it is clear that only systems such that the energy contained in a region of the size of the
coherence length is of the order of the ultraviolet energy scale will be sensitive to the energy non-additivity. For a
system of constant density ρ, the parameter controlling the deviation from usual additivity of the energy is
δ ∼ V
( ρ
Λ
)
, (8)
if V < Vc ≡ `3c , or
δ ∼ Vc
( ρ
Λ
)
(9)
if V > Vc. That is, to highlight the correction we need to consider systems of high density which are large enough.
This leads to consider compact objects in nature, such as white dwarfs, neutron stars, or black holes, as the best
windows for this new physics. One can then try to incorporate corrections to additivity in the energy composition
law for any of these systems and compare with observations in order to extract bounds on the coherence-length scales
for different systems of particles. In terms of the density of water ρw and the Planck mass MP, Eq. (9) gives
δ ∼
(
`c
2× 10−4 m
)3(
ρ
ρw
)(
MP
Λ
)
. (10)
This simple estimate tells us that the physics of a white dwarf (WD), with a typical density of order ρ ∼ 106ρw, could
explore coherence lengths of the order of 10−6 m when the new physics is associated to the Planck scale (Λ = MP).
Since neutron stars have densities nine orders of magnitude larger than that of a WD, they have a larger sensitivity
to the new physics parameterized by a non-additive modification of the energy composition law. In this work we
will focus however on white dwarfs, since both their physics and their experimental observation are simpler than for
1 To illustrate the point we will use only the β1-term of Eq. (5).
4the other families of compact objects. Our approach will be to identify the Planck energy scale as the ultraviolet
energy scale associated to the new physics and then try to get bounds of a possible energy non-additivity in this
specific physical system. As we will see, a WD is composed essentially by two different subsystems: a gas of ions and
a degenerate Fermi gas of electrons. We will then extract bounds for the coherence-length scales associated to each
subsystem.
III. PLANCKIAN EFFECTS IN WHITE DWARFS
White dwarfs are compact objects which are produced from stars with masses similar to that of our Sun, M =
1.99× 1030 kg. Their radius are of the order of the Earth radius (R⊕ = 6.3× 106 m), and their characteristic density
is of the order of 106 g/cm3. A WD can be described as a gas composed by nuclei of light elements plus a completely
degenerated electron gas. In a good approximation, the degenerate pressure of the electron gas compensates the
gravitational attraction which is due to the mass of the ions. This equilibrium is no longer possible above a certain
density of nuclei, which causes the collapse of the star for masses larger than around 1.4M. This maximum value of
the mass of a WD (the Chandrasekhar mass) signals the theoretical limit which corresponds to the radius of the WD
going to zero and infinite density of the star. However, this limit cannot be reached in practice, since neutronization
processes start at densities around 107 g/cm3, and for densities above 1012 g/cm3 the main contribution to the pressure
is given by a newly formed gas of free neutrons, so that the star can no longer be considered as a WD.
Previously to this work, white dwarfs had already been chosen as laboratories to study possible deviations of
Lorentz invariance. In Ref. [13], A. Camacho considered the consequences of a modification in the dispersion relation
of particles similar to Eq. (1), specifically in the Chandrasekhar model [16] giving the mass-radius relation of a WD.
He obtained an amplification of Planck-scale effects in the limit in which the mass of the WD formally approaches the
Chandrasekhar limit. In fact, it is easy to see why such a MDR cannot have any effect in the normal regime of white
dwarfs: the maximum energy E of the electrons in the Fermi gas is given by the Fermi momentum pF, which is of the
order of MeV for a typical WD. Since the corrections to the MDR are of order E/MP, they are completely negligible.
The Chandrasekhar limit corresponds to the ultrarelativistic limit of a WD, pF → ∞, but in fact the amplification
corresponding to this limit is irrelevant in practice, since much before reaching the densities that approach the Fermi
energy to the Planck energy scale, dynamical instabilities occur as explained above and the analysis of the Planckian
corrections is no longer valid, as it is remarked in Ref. [14].
In Ref. [15] the research of Refs. [13, 14] was extended by adding a modification in the momentum-space integration
measure as a way to consider the possible role of the geometry of momentum space that appears in a non-trivial way
in contexts such as the relative locality framework [10]. It was seen, however, that the deformation of the measure
of integration appears on the same level as the terms induced by the modification of the dispersion relation, and is
therefore equally unobservable.
The effect of new physics that we are exploring in this paper, a modification in the energy composition law, is
perhaps the third of the most popular ingredients (together with modifications in the dispersion relation and the
role of the geometry of momentum space) that are present in the “quantum-gravity folklore” as low-energy Planckian
effects. In this case, however, one expects that white dwarfs may give relevant bounds because of the amplification
mechanism given by a large number of particles in a high density system as explained in the previous Section. We
will now compute the modification to the mass-radius relation of the Chandrasekhar model which is produced by the
non-additive corrections, and compare it afterwards with observational data in order to get the sensitivity of white
dwarfs to this Planckian effect.
IV. CORRECTIONS FROM ENERGY NON-ADDITIVITY TO THE CHANDRASEKHAR MODEL OF
WHITE DWARFS
The main features of the relationship between the mass of a white dwarf and its radius are given by the Chan-
drasekhar model [16], which assumes a steady state in which there is a hydrostatic equilibrium between the grav-
itational force and the pressure force at every point of the star. A non-additivity in the energy will modify this
equilibrium condition by introducing corrections in the calculation both of the mass (given essentially by the ion gas)
and of the pressure (given by the degenerate electron gas). The sensitivity of white dwarf physics to a Planckian
non-additivity will depend on the magnitude of the coherence lengths of these two subsystems. Our objective will
be to compare these modifications of the mass-radius relation with experimental data in order to extract bounds to
these parameters of our model.
In order to get a feeling of the corrections, we will first make a straightforward computation in a simple approxi-
mation to the problem, in which we assume a constant density for the complete star.
5A. Constant density approximation
Let U be the internal energy of the electron gas, and EG the gravitational energy of a uniform sphere of mass
M and radius R, EG = −3GM2/5R, where G is the gravitational constant. Then we can express the equilibrium
condition with respect to the radius of the star as
d(U + EG)
dR
= 0 ⇒ P = 3
20
GM2
piR4
, (11)
where we introduced the pressure P of the electron gas as dU = −P dV = −P 4piR2 dR.
In absence of non-additive corrections, the calculation of the internal energy U is simply
U =
2
h3
∫
V
d~r
pF∫
0
E(p)d~p, (12)
where E(p) =
√
p2 +m2e, and me is the electron mass. In the case of constant density, the Fermi momentum pF does
not change with the distance to the center of the star, and can be written as
pF =
h
2pi
(
3pi2Ne
V
)1/3
, (13)
where h is the Planck constant,2 and Ne is the number of electrons in the gas. This can be expressed in terms of the
total mass of the star, as
M = Neµemu, (14)
where mu is the atomic mass unit, and µe is the mean atomic weight per electron. For a completely ionized element
of mass number A and atomic number Z, µe = A/Z to about 1 part in 104 [17]. The value of µe depends on the
composition of the white dwarf; for example, for a carbon-oxygen white dwarf, µe = 2.
From Eqs. (12), (13) and (14), it is easy to see that the pressure, calculated as P = −dU/dV , can be written as a
function of M and R through the combination M/R3. Then, Eq. (11) gives an expression of the form
M2/R4 = f(M/R3), (15)
where f is a certain function, defining a relation between the mass and radius of the star in the equilibrium. The
expression of the function f is simple in the non-relativistic and ultrarelativistic limits, defined as xF ≡ pF/me  1
and xF  1, respectively. In the former case, taking E(p) ≈ p2/2me and inserting this into Eq. (12), one gets
M2
R4 = 3.3× 10
−2 µ−5/3e ρ˜
5/3, (16)
where we have expressed the mass and radius in terms of their corresponding solar quantities, M ≡ M/M and
R ≡ R/R, and defined ρ˜ ≡ M/R3. Taking into account thatM2/R4 =M2/3ρ˜4/3, the previous expression can be
rewritten as
M2/3 = 3.3× 10−2 µ−5/3e ρ˜1/3, (17)
and we get the well-known behavior R ∼M−1/3. In the ultrarelativistic limit, E(p) ≈ p, and we obtain
M2
R4 = 3.68µ
−4/3
e ρ˜
4/3, (18)
so that
M2/3 = 3.68µ−4/3e , (19)
2 We will work in natural units, c = ~ = 1, but keep track of the h factors, which, in these units, give factors of (2pi).
6 β
1
  =  0
 β
1
  =  1
 β
1
  = −1
FIG. 1: Mass-radius curve (in solar units of mass and radius) calculated in the constant density approximation, for µe = 2. The
black dashed line represents the Chandrasekhar model, while the red and the blue ones show the correction on the behavior
of the fermion gas due to MCL with a coherence length of three micrometers (`c = 3 × 10−6m) respectively for β1 = −1 and
β1 = 1.
orM = 7.0µ−2e . This is the Chandrasekhar mass limit we mentioned in Sec. III; as we will see in the next subsection,
its correct value (without the approximation of constant density), is MCh = 5.8µ−2e , which, for µe = 2, gives the
typically quoted value ofMCh = 1.45.
The black dashed line of Fig. (1) shows the characteristic curve for the relationship between mass and radius of
white dwarfs, using the complete function f in Eq. (15). Points on the right of this plot correspond to more compact
stars (larger masses and lower radii), which are therefore denser, and for which the electrons of the Fermi gas are
more relativistic, while the non-relativistic limit corresponds to the left side of the plot.
Now, the non-additivity in the energy produces two kinds of corrections. In the first place, the calculation of the
internal energy U in Eq. (12) has to be changed, which will produce a modification in the pressure of the electron
Fermi gas. The new expression for U is the continuum version of Eq. (7):
U =
2
h3
∫
V
d~r
pF∫
0
E(p)d~p+
β1
2MP
4
h6
∫
V
d~r1
∫
V
(e)
c
d~r2
pF∫
0
E(p1)d~p1
p1∫
0
E(p2)d~p2
+
β2
2MP
4
h6
∫
V
d~r1
∫
V
(e)
c
d~r2
pF∫
0
p1∫
0
(~p1 · ~p2) d~p1d~p2 ,
(20)
where we have limited some spatial integrals to the coherence volume of the electron gas, V (e)c , so that the nonlinear
products of energy involve only spatial points inside this coherence volume. Symmetry considerations anticipate that
the last two integrals in the β2 term of Eq. (20) are identically zero, so that the correction in U will be proportional
only to β1, and in fact, it can be seen that it will be proportional to the product (β1V
(e)
c ).
The second effect produced by the energy non-additivity is a correction in Eq. (14). In fact, the total mass of the
star will be
M = µemu
2
h3
∫
V
d~r
pF∫
0
d~p+ (µemu)
2 β1
2MP
4
h6
∫
V
d~r1
∫
V
(i)
c
d~r2
pF∫
0
d~p1
p1∫
0
d~p2
= (Neµemu)
[
1 +
3(β1V
(i)
c )(Neµemu)
16MPpiR3
]
,
(21)
where V ic now is the coherence volume associated to the gas of ions.
It is clear that both corrections will be larger for larger values of the Fermi momentum pF (for larger values of the
energy of each individual electron), so that the larger deviations from the Chandrasekhar mass-radius curve will be
7observed in the ultrarelativistic limit. Treating both effects (the correction to the pressure of the Fermi gas, controlled
by V (e)c , and the correction to the mass, controlled by V
(i)
c ) separately, Eq. (19) will be modified to
M2/3 = 3.68µ−4/3e
[
1 + α(β1Vc)µ−xe ρ˜y
]
, (22)
where Vc stands for the coherence volume (V (e)c if we are considering the correction to the pressure, or V (i)c if it is the
correction to the mass) in Planck units (that is, Vc = Vc ·M3P), x is a numerical constant, and α is also a dimensionless
quantity. A straightforward calculation gives
α = 1.6× 10−99 x = y = 4/3 for the correction proportional to V (e)c (23a)
α = −9.0× 10−95 x = 0 y = 1 for the correction proportional to V (i)c (23b)
The small numbers we get for α are just a reflection of the sensitivity of this system to a coherence length which
is many orders of magnitude different from the Planck length [recall Eq. (10) and the fact that Vc in Eq. (22) is
expressed in Planck units], which is of course necessary to get an amplification for the non-additivity of the energy.
Note that the corrections of the electron gas and the ion gas in Eq. (23) are of different sign. Depending on the sign
of β1, one of the two will correct the Chandrasekhar mass of white dwarfs towards a lower value, while the other will
extend the validity of the mass-radius relation to mass values larger than the standard Chandrasekhar limit. This
can be observed in the red and blue lines of Fig. (1), where it is shown the effect of the correction to the pressure
of the eletron gas in the whole range of white dwarf masses for negative and positive β1, respectively, and a value of
the coherence length of the order of the micrometer (which, as commented after Eq. (10), is the expected value to
produce relevant corrections in WD physics), in the constant density approximation.
We will now check the validity of these conclusions in a full calculation beyond the constant density approximation.
B. Variable density: full calculation
A more rigorous theoretical description of white dwarfs takes into account the variation of the density with respect
to the center of the star. Our starting point will be the equilibrium equation
dP
dr
= −Gm(r)
r2
µemune(r) (24)
where we are assuming a spherically symmetric system with a radial coordinate r and a density dominated by the
rest mass of the ions, P is the pressure of the degenerate electron gas, ne(r) the number density of electrons, and
m(r) the total mass contained in a sphere of radius r.
The pressure of the electron gas P can be obtained from the electron energy density e(r) through
P = n2e
∂(e/ne)
∂ne
= −e + ne ∂e
∂ne
. (25)
Taking into account that the number density of electrons in the degenerate electron gas is proportional to p3F(r),
where pF(r) is the Fermi momentum, one has
dP
dr
= −
[
2
3
+
1
3
pF d
2pF/dr
2
(dpF/dr)2
]
de
dr
+
1
3
pF
dpF/dr
d2e
dr2
. (26)
Let us now calculate e(r). The effect of the modification of the energy-momentum composition law on the energy
density of the electron gas is given by
e(r) =
2
h3
pF(r)∫
0
dp1 4pip
2
1 (p
2
1 +me)
1/2
+
β1V
(e)
c
2MP
4
h6
pF(r)∫
0
dp1 4pip
2
1 (p
2
1 +m
2
e)
1/2
p1∫
0
dp2 4pip
2
2 (p
2
2 +m
2
e)
1/2
(27)
where, as before, V (e)c is the coherence volume (volume of a sphere of radius the coherence length) of the electron gas
system.
8We can now use Eq.(26) to calculate the (radial derivative of the) pressure:
dP
dr
=
4pi
3
(
2
h3
)
p4F
(p2F +m
2
e)
1/2
dpF
dr
+
β1V
(e)
c
2MP
4
h6
dpF
dr
4pi
3
 p4F
(p2F +m
2
e)
1/2
pF(r)∫
0
dp1 4pip
2
1 (p
2
1 +m
2
e)
1/2 + 4pip5F (p
2
F +m
2
e)
 . (28)
Introducing the electron Compton wave length λe = 1/me and the dimensionless variable θ = (p2F/m
2
e + 1)
1/2, which
essentially gives us information about the density at a certain point, we have a simplified expression
dP
dr
= mene
dθ
dr
[1 + befe(θ)] (29)
with
be =
(
me
MP
) (
β1V
(e)
c
λ3e
)
(30)
and
fe(θ) =
1
16pi2
[
θ(θ2 − 1)3/2 + 9θ3(θ2 − 1)1/2 − ln
(
θ + (θ2 − 1)1/2
)]
. (31)
The second effect of the non-additivity is the correction to the determination of the total mass m(r) contained in
a sphere of radius r. Assuming that the density is dominated by the rest-mass of the ions one has
m(r) = µemu
(
32pi2
3h3
) r∫
0
dr1 r
2
1 p
3
F(r1) + (µemu)
2 β1
MP
(
8pi
3h3
)2
4piV (i)c
r∫
0
dr1 r
2
1 p
6
F(r1) (32)
where V (i)c is the coherence volume of the ion system. The non-additive correction to the (radial derivative of the)
mass m(r) can be expressed (in a similar way as the correction to the pressure) as a multiplicative factor
dm
dr
=
4
3pi
µemu
r2
λ3e
(θ2 − 1)3/2 [1 + bifi(θ)] (33)
where
bi =
(
µemu
MP
) (
β1V
(i)
c
λ3e
)
(34)
and
fi(θ) =
(θ2 − 1)3/2
18pi2
. (35)
If we use the modified radial derivative of the pressure (29) in the equilibrium equation (24) we get
m(r) = − M
2
P
µemu
r2
λe
dθ
dr
[1 + befe(θ)] , (36)
which can be combined with the modified radial derivative of the mass Eq. (33) to find a differential equation for θ(r)
whose solution determines the internal structure of the WD. By introducing a dimensionless radial variable ξ through
r2 =
3pi
4
M2P
µ2em
2
u
λ2e ξ
2, (37)
the differential equation that determines the internal structure of the WD modified by the non-additive corrections is
1
ξ2
d
dξ
(
ξ2
dθ
dξ
[1 + befe(θ)]
)
= −(θ2 − 1)3/2 [1 + bifi(θ)] . (38)
9The solution to Eq. (38) will give us the value of the Fermi momentum and the density as a function of the distance
to the center of the star. As we will see in the next subsection, this solution will also allow us to determine the
M(R) relation. It will then be possible to use a comparison with observational data of WD to put bounds on the
possible values of the coherence volume determining the sensitivity of white-dwarfs to non-additive new physics. In
this analysis one has to consider the limitations of the phenomenological model, which will restrict the possible values
of the initial condition for Eq.(38), θc ≡ θ(ξ = 0).
Since both fe(θ) and fi(θ) in Eqs. (31) and (35) are monotonically increasing functions, for fixed values of the
parameters be and bi the sensitivity to the new physics increases when one considers WD with a higher central
density. But |befe(θ)|, |bifi(θ)| should be less than one, otherwise there is no justification to neglect the higher order
non-additive corrections. Although one should require the non-additive correction to be a small perturbation, the
previous requirement at the center of the star will be enough in order to have a small correction at the global level.
Another limitation on the central density comes from the consistency of a model which is based on just a degenerate
electron gas and an ion system, which requires densities below the neutron drip point. These conditions will impose
upper bounds to the possible values of θc, which can be obtained in the ultrarelativistic approximation (θ  1) for
which
θc ≈ (ρc/ρ0)1/3 fe(θ) ≈ 5θ
4
8pi2
fe(θ) ≈ θ
3
18pi2
, (39)
where ρ0 = µemu/3pi2λ3e. Using the estimate ρ∗ ≈ 105ρ0 for the neutron drip point, then one has the density
restrictions
θc < 10
5/3 θc <
(
8pi2
5|be|
)1/4
θc <
(
18pi2
|bi|
)1/3
. (40)
Note that the previous bounds on θc depend on the parameters of the non-additive corrections, be and bi. In order
to compare with observations, in Sec. V we will consider appropriate values for be and bi which allow to explore the
catalogue of available data of white dwarfs.
C. Resolution of the differential equation
Eq. (38) is a second-order differential equation that can be solved numerically in a simple way if we rewrite it as a
set of two first order equations by introducing an auxiliary function φ through
φ(ξ) = ξ2
dθ
dξ
[1 + befe(θ)] (41)
so that from Eq. (38) one has
dθ
dξ
=
φ(ξ)
ξ2 [1 + befe(θ)]
and
dφ
dξ
= −ξ2(θ2 − 1)3/2 [1 + bifi(θ)] . (42)
In fact the auxiliary function φ can be related to the total mass m(r) contained in a sphere of radius r. Using Eq. (36)
and the definition of the dimensionless variable ξ [Eq. (37)] one has
m(r) = −
√
3pi
2
MP
(
M2P
µ2em
2
u
)
φ(ξ) . (43)
Let us first consider the conventional case with be = bi = 0
1
ξ2
d
dξ
(
ξ2
dθ
dξ
)
= −(θ2 − 1)3/2 . (44)
This equation implies that ξ2dθ/dξ is a monotonically decreasing function of ξ, so that this is also the case for dθ/dξ.
Since the physically relevant initial condition corresponds to dθ/dξ|ξ=0 = 0,3 this implies that dθ/dξ < 0. On the
3 This condition is given by the spherical symmetry of the problem: since, near the center of the star, m(r) ≈ 4piρcr3/3, Eq. (24) tell us
that dP/dr|r=0 = 0, and Eq. (29) shows that this is also the case for dθ/dξ.
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FIG. 2: Mass-radius relation with a modified Fermi gas pressure for negative (left) and positive (right) values of be, for µe = 2,
together with observational data of white dwarfs from Ref. [19].
other hand, θ2(ξ) ≥ 1, so that θ will reach the minimum value (θ = 1) for a finite value ξ∗ or approach asymptotically
to it when ξ →∞.4 A solution where θ(ξ∗) = 1 corresponds to a WD with a finite radius
R =
(3pi)1/2
2
MP
µemu
λe ξ∗ , (45)
and the total mass of the WD can be obtained from Eq. (43)
M = −
√
3pi
2
MP
(
M2P
µ2em
2
u
)
φ(ξ∗) . (46)
Since the non-additive corrections are introduced as a small effect on Eq. (44), it natural to assume that this simple
interpretation of the solution of the differential equation when be = bi = 0 will be also valid to the general case
Eq. (38). Numerically, we will see that this is the case so that we will be able to use Eqs. (45) and (46) to obtain the
mass-radius relation of white dwarfs including non-additive Planckian effects.
V. RESULTS AND COMPARISON WITH EXPERIMENTAL DATA
We solved numerically Eqs. (42) by introducing a discretization and applying the classical (fourth-order) Runge-
Kutta method [18]. We discuss now the results for different values of the parameters be and bi.
Fig. 2 shows the mass-radius relation for different values of be, the parameter controlling the non-additive correction
in the pressure of the electron Fermi gas, together with experimental points corresponding to a set of white dwarfs for
which an exhaustive study of masses and radii has recently been carried out [19]. Each point in the curves correspond
to a specific value of the central density (θc).
If we compare the plots corresponding to be > 0 (Fig. 2, right) with the Chandrasekhar model (black curve
corresponding to be = 0), we see that stars with a certain mass have larger radii and therefore are less dense. The
curves end at the value of θc that limits the validity of the phenomenological model according to Eq. (40), which
decreases for larger corrections (larger values of be). The mass limit obtained for be → 0 (the Chandrasekhar mass,
M=1.45), is clearly exceeded in this case, but the presence or absence of a larger mass limit will depend on details of
the physics which go beyond the first order corrections that we analyze in this model. In any case, values of be ∼ O(1)
would be excluded by the experimental data (specifically, by the more relativistic white dwarf, the point more to the
right of the plot, which corresponds to Sirius-B).
The curves corresponding to be < 0 (Fig. 2, left) show the opposite behavior to the previous case. The main effect
of the correction is to give smaller radii and larger central densities compared with Chandrasekhar models of the same
4 The possibility that θ approaches asymptotically to a value greater than 1 can be excluded since the limit when ξ →∞ of the left hand
side of the differential equation (38) is equal to zero while the right hand side vanishes only for θ = 1.
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FIG. 3: Mass-radius relation with a modification in the mass for negative (left) and positive (right) values of bi, for µe = 2,
together with observational data of white dwarfs from Ref. [19].
mass, or, equivalently, for a given central density, the mass of the modified model is less than in the usual model. It is
interesting to note that this type of behavior is very similar to that produced by standard electrostatic corrections to
the Chandrasekhar model [20]. The magnitude of the effect in the present case, however, is controlled by the value of
be (by the coherence length defining the non-additivity in the electron gas). Fig. 2 (left) shows that the upper mass
limit of white dwarfs decreases when the correction gets larger. In particular, data from the more relativistic white
dwarfs exclude values of |be| larger than ∼ O(10−1) for the negative case. From the definition be, Eq. (30), we can
extract the bound
|β1|V (e)c < 10−16 m3, (47)
that for a value of β1 of order one, corresponds to a coherence length in the gas of electrons of the order of the µm.
The curves corresponding to the correction in the mass of the WD are shown in Fig. 3. As anticipated in the
qualitative analysis with the constant density approximation, the behavior of this correction with respect to the sign
of the parameter β1 is the opposite to that in the pressure of the electron Fermi gas. As in the previous case, the
comparison with experimental data can be used to extract bounds on bi. Specifically, for the bi < 0 case, the bound
is |bi| < O(1), corresponding to
|β1|V (i)c < 10−19 m3, (48)
which for a value of β1 of order one, corresponds to a coherence length in the gas of ions of the order of tenths of µm.
This shows that the correction to the mass of the ions is more sensitive (an order of magnitude in the coherence length,
but three orders of magnitude in the coherence volume, to which the correction is proportional) that the correction to
the pressure of the electron gas with respect to a non-additivity in the energy [note that the fact that the bound on
|bi| is softer than the bound on |be| is due to the different factors in the definitions of be and bi, Eqs. (30) and (34)].
VI. SUMMARY AND CONCLUSIONS
In this work we have explored from a phenomenological point of view a non-additive composition law for the
total energy of a system of particles as a possible remnant of quantum gravity effects associated to a loss of Lorentz
invariance. Since the effects are suppressed by the Planck scale, it is necessary to consider systems with a large number
of particles in order to have an appropriate amplification of the corrections. However, one has to assume that the
non-additivity is maintained only within distances lower than a certain coherence length in order to account for the
energy of everyday macroscopic objects. The introduction of this scale makes the effect proportional to the density
of the system, therefore restricting our attention to compact objects present in the Universe, such as white dwarfs,
neutron stars or black holes. We chose to use white dwarfs as a laboratory for the new effects because their physics
are well known and particularly simple, and the observational data can be used to put bounds on them. However,
these bounds will be relevant only as long as the coherence length depends on the particular physical system. This
seems reasonable if the origin of this length lies in the quantum properties of the system, as we argued in Sec. II. In
the case of a universal coherence length for the non-additive effects, neutron stars would give much more restrictive
bounds than white dwarfs because of their much greater density.
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We considered the modifications in the Chandrasekhar model giving the mass-radius relation of white dwarfs
produced by the non-additivity in the energy. They imply corrections both in the calculation of the pressure of the
electron Fermi gas and in the relation between the total mass of the star and the masses of its constituents, which
involve essentially the ion gas. A numerical analysis of the modified differential equation which results from the
hydrostatic equilibrium condition and the comparison with experimental data has allowed us to obtain bounds on the
coherence length of both the electron and the ion gas. These bounds reflect the sensitivity of white dwarf physics to
a non-additivity in the energy.
We note that in order to obtain these phenomenological limits to the parameters of the model we had to consider
separately the effects on the electron and on the ion gases. Since, as we remarked in the text, the two effects produce
opposite corrections, it would be possible to get a cancellation in some range of values of the two parameters be and bi.
However, the present accuracy of white dwarf observations only allow us to put bounds on the order of magnitude of
these paramaters, and, to do so, it was a necessary simplification to assume that one of the effects dominates over the
other. Future determinations of masses and radii of white dwarfs with greater accuracy, especially for high density
stars, would allow us to put further restrictions to the model, in particular on the sign of β1, the coefficient that
gives the leading order Planckian correction to the energy composition law. In this sense, this work provides a new
motivation to improve the observations of WD, in particular for those stars with a mass close to the Chandrasekhar
limit.
As possible future research, it would be interesting to extend the present analysis to the other two types of very
compact objects (neutron stars and black holes). Another possible manifestation of the new physics explored in this
work is in the evolution of the primitive universe, including the inflationary epoch. It would also be of course very
important to try to deepen in the notion of the coherence length and its interpretation along the lines we mentioned in
Sec. II, which could offer a guide in the study of the implications of the energy non-additivity. Finally, even without
a proper understanding of its origin, it would be interesting to work out in detail how the idea of the coherence length
may provide a solution to the soccer-ball problem, which is a common ingredient in all extensions of SR.
As a final comment, let us recall (see the Introduction) that there are scenarios motivated by quantum gravity
considerations that explore deviations of Special Relativity both at the level of a modified dispersion relation (MDR)
and a modified composition law (MCL) in the energy or momentum of a system of particles, such as in DSR models.
We argued in Sec. III that a (Planck-scale) MDR cannot have any relevant effect on white dwarf physics, since the
energies of the individual particles are much lower than the Planck energy scale. We have seen however that this is
not the case with a MCL, owing to the amplification coming from the large number of particles that constitute the
system. This is a peculiar situation from the point of view of DSR, in which the existence of a relativity principle
produces a suppression of the Planckian effects owing to the constraints imposed by the consistency between the
conservation laws of the energy-momentum, the dispersion relation, and the relativity principle [21]. This is a general
conclusion in the kinematics of a few (high-energy) particles, for which the effects of the MDR and the MCL are of
the same order. The present study shows that the kinematics of a large system of particles is a counterexample of the
naive belief that this cancellation should be generically present in relativistic theories beyond SR.
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